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1 Model with related goods

In this note, I explore the more general case of related goods (products that are complement or
substitute in consumption). The most important modification to the model is related to the taste
parameters. For complements (superscript C'), the following inequalities hold: (6, > 07 + 65),
(05, > 04 +08), (65, > 04 +08), and (0%, > 04 + 08). Additionally, 0% > 05, , 05 > 054,
05, > 05, 05, > 05, and 0%, > 0%,. For substitutes (superscript S), the following holds:
05 < 04 +08), (07, < 04 +08), (07, < 04 +08), and (07, < 62 + 08). Additionally,
0% > 0%, Ofry > 074, O > 071, 05 > 07, and 02 > 07

Because the analysis below is identical for complements and substitutes, I drop the superscript.
Throughout the text, I use complements and related goods as interchangeable terms. The analysis

and conclusions hold without change for substitute products. The seller’s expected profit is the
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following:

Elr] = Bil0iu(gfy) + 0iu(a]) — c(af}) — clab)) =D Bijl0iulas) + Oiulal) — pis] (1)

ij i

Expected total surplus Expected consumer surplus

The general form of the PC constraints remains PC: R;; > 0V ij. The IC constraints take the

following form:

IC: Rij > Ry +a+u(ql)(0ij — Ox1) + uw(qh)(0ij — Ox) ¥ ij and kl;i # k and j # 1 (2)

The following definitions will be useful:

Oug — 0 = A1, Oy — 0 = Ao, Opp — 0 = As,
Our — 0 =As, O — 00 =As, O — 0 = Ae, (3)

Onr — 0L = Az

Only the downward IC constraints are incorporated into the maximization problem, just as in
the case with unrelated products. The set of relevant incentive constraints is illustrated in figure
1. As with independent goods, there are four possible IC structures with complement goods. I will
also refer to these as ICS T, T, ¥, Q.

The set of first order conditions characterizing the solution to the seller’s problem with related
goods is shown in the appendix. Recall that in this model the goods are said to be bundled if the
portion of item ¢ increases with good j. With complement goods, the seller does not bundle the
products. Instead, the seller offers three packages with either only “large”, only “medium” or only
“small” portions of both goods each. The HL and LH-types are served the same option. Figure 2
serves as an example of the effects in the symmetric case.

Moving on to consumer surplus, without a cap, the HL. and LL buyer types receive the same

rents independently of the original ICS:

Ryp =+ Agfu(gry) +ulafy)]

R, =1



Figure 1: Set of IC constraints
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The rents earned by the LH-type in the regulation-free baseline vary in the following way:

ICST, Y,V : Rry = Aslu(qry) +ulqly)]

ICS Q: Rpy = (As + Ay)ulgry,) +u(gfL)] + Aelulasr) + ulaf )]

The information rents received by the HH-type depends on the IC structure as follows:

ICST : Ry = (As + As)ulqy) + ulafy)] + Aslulary) + ulafy)] + Asfulasy) +ulah )]
ICS Y : Ruyp = (As+ As)[ulgy) +ulafr)] + Aslu(ary) +u(aly)] + (Ae + Do) [ulgfy,) + ulah )]
ICS WRyp = (A1 + Ay + As)[ulgry) + u(qrn)] + As[ulgiy) + ulars)] + Aifulgsr) + ulair)]

ICS QRum = (A1 + Ay + As)[ulgr'y) + u(gry)] + Aslu(qry) + ulary)] + (As + Ao)[ulgiiy) + ulgfiy)]
(6)

Regarding consumer surplus; the HH-type receives the most information rents; the LL-type the

less, and between these types, the HL and LH buyers receive the same level of surplus.

1.1 Quantity cap with related goods

I continue to study the same three levels of cap severity on product A introduced in the section

where I look at the case with independent goods. Recall that the mild cap directly limits only the
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Figure 2: Allocation by Buyer Types (Theory)

large portion of A, the moderate regulation directly affects both medium and large portions of A,
while the severe limit directly affects all options of A. The seller’s goal is to maximize expected

profit subject to the relevant IC and PC restrictions plus the quantity cap.

Proposition 1: Moderate and severe caps change the information rents earned by the HH and

LH types to the following:

e Moderate cap:

Ran = (Aa+ A [ulgily) +u(gf,)] + Asfu(@) + u(gh )]

Rem = (As + Ag)u(afy,) +u(al,)] + Aslu(@) + u(gh )]

e Severe cap:

— —

R = (As + A [u(@) + u(gB))] + Aaolu(@) + ulgB,)]

— —_—

R = (A5 + A)[u(@) + u(qP,)] + De[u(@) +ulgh )]

Direct comparison with the corresponding information rents equations yield the following results.

Following moderate and severe caps and compared to the rents earned without requlation:



o Rypg is diminished.
o The effect on Ryy, is ambiguous and depends on the model’s specific parameter values.

o Ry gy unambiguously increases for requlation free IC-structures I', Y, and V. For IC-structure
Q, Rpyg increases as long as:

Moderate:

(A5 + Ag)ulary) — ulafty) +ulary) — w(gf)] + Aslulgry) — u(@) + ulgfiy) —u(gh )] <0

Severe:

— — —

(As + Ag)[u(q) — ulapy) +ulary) — wlafp)] + Aslularty) — w(@) +ulafy) —ulafi,)] <0
e Ry remains unaffected.

The consumer surplus granted to the LH-type are larger under regulation-free ICST', T, and V.
For ICS €, the effect on LH is likely to be positive because u(q‘L“L)—u((;‘\L“;) < 05 u(qu)—u(quZ) <0,
and u(qB;) — u(q/I]f(VL) < 0; likewise u(¢?;) —u(¢P;) <0, and u(¢f;) —u(¢B,) < 0.

Proposition 2: A mild cap only affects qﬁH. Following a moderate cap:
° ql‘f}H, q}f}L, and qu are directly affected.

e ¢}, increases for original IC-Structure Q, and the effect is contingent to the parametrization

for the rest of IC-structures.

e g does not change.

q5, unambiguously decreases for ICS T, unambiguously increases for ICS Q, and depends on

specific parameter values for the rest of IC-structures.

a2y unambiguously increases for I1C-structures ', Y, and W. It decreases for ICS .

qB, increases for the original ICS Q, and the effect depends on the specific parameter values

for the rest of IC-structures

These changes are straightforwardly corroborated by a simple comparison between the corre-
sponding first order conditions. Table 1 summarizes the effect of the cap for each severity level
comparing the resulting quantities to the quantities allocated to each type under no regulation.

The first order conditions characterizing the solutions are in the appendix. Just as in the case with



Table 1: Theoretical change in quantities: Complement and substitute goods

A B A B A B A B
9gg 9 49r 9r 49t 49t 9rr  4LL

IC-Structure I

Mild 1 = = = - - — —

Moderate 1 = 1 i 1 (N

Severe L= L L b
IC-Structure T

Mild 1 = = = = - - -

Moderate 1 = U 3 TP

Severe Vo= Lot
IC-Structure ¥

Mild i) = = = = - — —

Moderate 1 = + 1 + T »op

Severe { = ool T A
IC-Structure Q

Mild 1 = = = - = - —

Moderate I = N 0 ! 1 1

Severe 1 = 1 1 1 1 1 1

In each case, the comparison is against the baseline scenario. For arrows with superscript,
the effect holds if the following inequalities hold:

1BHH Ay 2 3A. 4BHH Ag 5 BHH Ay
o < mpoaye Bum < Brm. PAs <A+ Ay T < =0 P < XL

independent goods, the mild cap does not modify the quantities of the products beyond the largest
alternatives.

Moderate and severe caps have more nuanced effects on quantities. I first discuss the effects on
product A. By design, a moderate cap directly reduces the large and medium portions of good A.
The moderate cap also indirectly affects the quantity of A contained in the small package. When
under no regulation, the market is characterized by IC structure I'; T, or ¥ a moderate cap can
either reduce or increase the quantity of A contained in the smallest package, depending on the

value of the model’s parameters as shown in the relevant footnote in table 1. For ICS 2, where Ry g



takes the form of last equation in 6, a moderate restriction unambiguously increases the portion of
A contained in the small option.

Moving to the impacts on the unregulated good B, with regulation-free ICS T', the quantity
of good T served to the HL type unambiguously decreases; with ICS ¥, this type is served a
larger portion of B; while with IC structures T and ¥ the effect is ambiguous and might decrease
contingent on particular parameter values. The quantity of product B consumed by buyer type LH
increases regardless of the original ICS. While the portion served to buyer type LL unambiguously
increases for ICS (2, and may decrease for the rest of IC structures depending on parameter values.

For an interpretation of the results observed with related goods, consider seller of SSBs deciding
sugar-“water” combinations (possible A-B products, where “water” is a composite good that in-
cludes ingredients such as flavoring). Suppose that the context is such that we observe allocations
resembling panels (¢) and (d) in figure 2. The “package” is a bottle of soda with a particular
sugar-water ratio. In this context, the baseline outcomes can be interpreted as follows. Without
regulation, the seller decides to produce bottles of soda in three different presentations: small,
medium, and large servings all with a one-to-one sugar-water ratio. If the government enacts a
limit on the maximum amount grams of sugar contained in a single serving, the seller would accom-
modate the policy by offering the following four choices. First, a “light” large alternative with low
sugar-water ratio serving the HH-type (who, after all, also highly values the ingredients other than
sugar contained in the beverage); second, a relatively small option with a concentrated formula
with a high sugar-water ratio designed for the HL-type’s sweet taste; third, a smaller “light” alter-
native serving the health-conscious LH-type; and lastly, a mini serving of the “traditional” formula

targeting the LL-type buyer.



Proof of proposition 1

The analysis follows closely what I show in the proof of proposition

LL—LH:  Rpp> Rem— Asu(q) — Asu(gPy
LL— HL: Rpr > Ryp — Agu(q) — Agu(qry,
LL— HH: Rpp>Rpm — Mu(q) — Mu(ggy
LH = LL: Rpg > Rpp+ Asu(qpy) + Asulqry,
LH - HL:  Rpm > Rpr+ Aeu(q) + Asulqsy,

LH — HH: Ripg > Run — Asu(@) — Asu(gB

)
)
)
)
)
)
HL —LL: Rpgp > Rpp+ Agu(ary) + Agu(ary)
HL —LH:  Ryy > R+ Aqu(@) + Avulgly)
HL — HH: Ryr > Rgn — Au(q) — Aou(qiry)
HH — LL: Ry > Rrp + Avu(qly) + Au(e?y)
HH — LH:  Rpgm > Rpp + Aszu(q) + Asu(qry)
HH — HL:  Rpg > Rur + Mu(q) + Asulaf )
From the possible candidate combinations of forms of Ry and Rppy, the following do not

violate any of the IC constraints listed above:

Rim = (85 + Ag)ulgily) + ulal,)] + Ds[u(@) + ulgh )] 5
Rar = Aalu(gf,) +u(gP,)]
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